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APPLICATION OF FINITE-ELEMENT METHODS TO DYNAMIC 
ANALYSIS OF FLEXIBLE SPATIAL AND CO-PLANAR 
LINKAGE SYSTEMS 
Steven Dubowsky 
The f o l l o w i n g  f i g u r e s  d e s c r i b e  a n  approach t o  modeling t h e  f l e x i b i l i t y  e f f e c t s  
i n  s p a t i a l  mechanisms and manipula tor  systems.  The method i s  based on f i n i t e -  
e lement  r e p r e s e n t a t i o n s  of t h e  i n d i v i d u a l  l i n k s  i n  t h e  system. However, it 
should  be noted t h a t  c o n v e n t i o n a l  FEM methods and s o f t w a r e  packages w i l l  n o t  
handle  t h e  h i g h l y  n o n l i n e a r  dynamic behavior  o f  t h e s e  systems which r e s u l t  
from t h e i r  changing geometry. I n  o r d e r  t o  d e s i g n  hiqh-performance l i g h t w e i q h t  
systems and t h e i r  c o n t r o l  systems,  good models o f  t h e i r  dynamic behavior  which 
i n c l u d e  t h e  e f E e c t s  of f l e x i b i l i t y  are r e q u i r e d .  
FOCUS 
DEVELOP PRACTICAL AND EFFICIENT METHODS WHICH 
ANALYZE SPATIAL MECHANISMS AND MANIPULATORS 
CONTAINING IRREGULARLY SHAPED FLEXIBLE LINKS 
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The method p r e s e n t e d  h e r e  f o r  t h e  model inq  of t h e  dynamic b e h a v i o r  of manipu- 
la tors  and machine s y s t e m s  w i t h  f l e x i b i l i t y  is based on u s i n q  i n d i v i d u a l  
f i n i t e - e l e m e n t  'Link models  t o  r e d u c e  t h e  number o f  dynamic d e g r e e s  of freedom. 
The sys t em q r o s s  mot ion  i s  modeled u s i n q  4 by 4 m a t r i x  methods. The r e s u l t i n q  
e q u a t i o n s  of motion  c o n t a i n  b o t h  t h e  f u l l  n o n l i n e a r  b e h a v i o r  i n t r o d u c e d  by the 
s y s t e m ' s  g r o s s  mot ion  and  t h e  e f  Eects o f  l i n k  f l e x i b i l i t y .  
ANALYTICAL APPROACH 
0 4 x 4 MATRIX DYNAMIC ANALYSIS TECHNIQUES 
0 WELL-ESTABLISHED METHOD 
0 APPLIED TO RIGID LINK SYSTEMS IN PREVIOUS WORK 
0 POSSIBLE TO EXTEND ANALYSIS TO INCLUDE FLEXIBILITY OF LINKS 
FINITE-ELEMENT METHODOLOGY 
0 USED EXTENSIVELY IN STRUCTURAL DYNAMICS 
STANDARD FINITE-ELEMENT PROGRAMS (NASTRAN, SAP, ETC) 
ARE WIDELY AVAILABLE 
PERTURBATION COORDINATES 
COMPONENT MODE SYNTHESIS COORDINATE REDUCTION 
460 
I 
T h i s  f i g u r e  d e f i n e s  t h e  well-known 4 hy 4 c o o r d i n a t e  t r a n s f o r m a t i o n .  These  
t r a n s f o r m a t i o n s  c o n t a i n  t h e  i n f o r m a t i o n  t h a t  d e s c r i b e s  t h e  k i n e m a t i c  con- 
s t r a i n t s  imposed by t h e  s y s t e m s  j o i n t s  or c o n n e c t i o n s .  
4 x 4 MATRIX NOTATION 
T ‘i- 1 
it’ 1 CONNEC ri = [ 1 xi yi ~i 1 
ith LINK 
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The vectors r e p r e s e n t i n g  a n y  p o i n t  i n  t h e  s y s t e m  c a n  be r e p r e s e n t e d  t o  a 
common f rame u s i n g  4 by  4 methods.  
any p o i n t  c a n  be d e s c r i b e d .  
I n  p a r t i c u l a r ,  t h e  i n e r t i a l  p o s i t i o n  of 
4 x 4 MATRIX ANALYSIS 
I 1 0 0 0 LiCOS e i  COS ei -sin Oi cos ai sin 8i sin ai Lisin 0i sin 8i cos Oi cos ai -cos 8i sin ai 0 sin ai COS Ui Hi I T i- 1 
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T h e  p o s i t i o n  variables of the f i n i t e - e l e m e n t  g r i d  p o i n t s  must  be t r a n s f o r m e d  
i n t o  4 by 4 n o t a t i o n .  




rig= C *igp P i s  + b  ig 
NOMINAL POSITION: 
SELECTION VECTOR: 
"igp = [ O I O O ] T f o r B =  1+6(%1) 
= [ O  0 1 0 IT for P =  2 + 6(91) 
= f O O O 1 l T f o r S =  3 + 6 ( g 1 )  
= [ 0 0 0 0 1 for all other p 
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The. i n e r t i a l  v e l o c i t i e s  of t h e  g r i d  p o i n t s  are tal-culated i n  4 by 4 n o t a t i o n  
so t h a t  t h e  k i n e t i c  e n e r g y  ( n e x t  f i g u r e )  r e q u i r e d  by Lagrange ’ s  E q u a t i o n s  
( f o l l o w i n g  f i q u r e )  c a n  h e  f o r m u l a t e d .  




WHERE Uij=  a e )  
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LINK ENERGY 
a KINETIC ENERGY 
POTENTIAL ENERGY (ELASTIC) 
LINK DYNAMIC EQUATIONS 
0 LAGRANGE'S EQUATIONS, 
- aWi)  - 
- fia a = 1,. . . . , NP(i) + 
'pi a dt 
0 LINK DYNAMIC EQUATIONS 
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The number of degrees o f  freedom €or each link is reduced using component mode 
synthesis in order to achieve good computational efficiency. 
COMPONENT MODE SYNTHESIS 
0 CMS TRANSFORMATION 
0 REDUCED LINK DYNAMIC EQUATIONS 
M. g: + G. i. + K. a. = f; I I  I I  I I  
I 466 
1 
The l i n k  dynamic e q u a t i o n s  are f o r m u l a t e d  i n  terms of s e l e c t e d  global 
c o o r d i n a t e s  . 
GLOBAL EQUATIONS OF MOTION 
GLOBAL TRANSFORMATION 
ai = Bi ie(t)) q ,  
GLOBAL DYNAMIC EQUATIONS 
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T h i s  method has been  an tomated  i n  a s o f t w a r e  package c a l l e d  SALEM ( S p a t i a l  
A n a l y s i s  o f  Linkages  w i t h  E l a s t i c  Members). 
L 
COMPONENT 
MODE COMPONENT NUMERICAL DATA 
SYNTHESIS' + ASSEMBLY INTEGRATION * REDUCTION 
REDUCTION 
PHY SlCAL FINITE 
DESCRIPTION -w ELEMENT 
ON LINK 1 ANALYSIS COORDINATE 
SALEM ANALYSIS PROCEDURE 
NASTRAN PREMAP MAP POSTMAP 








ir-- ---  
DESCRIPTION 
OF LINK N 





A special version, tailored for robotic manipulators, has a l s o  been created. 
This package is called FLEXARM (FLEXible Analysis of Robotic Manipulators). 
These programs include computer graphics output capabilities to assist the 
designer in visualizing, and hence, understanding the complex three- 
dimensional dynamic behavior of these systems. This figure shows the FLEXARM 
computational structure . 
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Examples of t h e  r e s u l t s  which may be o b t a i n e d  u s i n q  t h i s  t e c h n i q u e  are 
p r e s e n t e d .  
robot ic  m a n i p u l a t o r  w i l l  be p r e s e n t e d .  
T h i s  f i g u r e  shows a c o - p l a n a r  mechanism. 
is  p l a n a r ,  i t  w i l l  e x h i b i t  s p a t i a l  v i b r a t i o n s  b e c a u s e  of t h o  off-sots i n  t h e  
l i n k s .  
F i r s t ,  a machine sys t em will be c o n s i d e r e d  and t h e n  r e s u l t s  € o r  a 

















T h i s  i s  a t y p i c a l  p l o t  of the displ-acements on t h e  c o u p l e r  l i n k .  
OUT-OF-PLANE DEFLECTION OF LINK 
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FIRST CYCLE FROM REST 
(254 mm OR 10 inches) 
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The global coordinates of the mechanism are presented here. 
CO-PLANAR FOUR BAR LINKAGE 
OUTPUT LINK 
47 3 
This figure shows different views of tho deformation of the mechanism in one 
of its positions. This type of plot can be overlayed to create animated 





UNDEFORMED MECHANISM DEFORMED MECHANISM 
WITH MAGNIFICATION 
FACTOR OF 10 
( a )  Front View 
lb) Top View 
IC) Rotated VIaw 
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CONCLUSIONS 
0 A UNIFIED ANALYTICAL APPROACH FOR BOTH RIGID AND 
ELASTIC LINK MECHANISMS IS POSSIBLE 
0 EXISTING FINITE-ELEMENT PROCESSING PROGRAMS CAN 
BE FULLY UTILIZED TO REDUCE GEOMETRIC MODELING COMPLEXITY 
0 COMPONENT MODE SYNTHESIS COORDINATE REDUCTION 
IS IDEAL FOR USE IN FLEXIBLE LINKAGE ANALYSIS 
0 INCREASED UNDERSTANDING OF 30 BEHAVIOR CAN BE 
OBTAINED THROUGH INTERACTIVE GRAPHICS 
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Part I11 
Shown he low is an an examp1.e of the application of the method to  a robotic 
manipulator: t he  Cincinnati MILACRON T 3 R 3 .  
THR E E-ROLL-W R IST 
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The f i r s t  s tep  i n  t h o  method is  to  deve lop  a s t a n d a r d  NASTRAN FEM model f o r  
each  l i n k  i n  t h e  m a n i p u l a t o r ,  i n c l u d i n g  i t s  base and t h e  f l o o r .  The forearm 
model i s  shown below. The model i n c l u d e s  such i m p o r t a n t  parameters as t h e  
s t i € f n e s s  of t h e  m a n i p u l a t o r s  b e a r i n g s .  
~ E R  connmo: 
I COORDImTE SYSTERS 

















UPPER A I M  
477 
I n  t h i s  f i g u r e  t h e  o t h e r  NASTRAN models of t h e  o t h e r  l i n k s  are shown. They 
have 155 g r i d  p o i n t s  and 273 elements .  With t h e  d e g r e e s  of freedom a s s o c i a t e d  
w i t h  t h e  c o n t r o l  systems,  t h i s  unreduced system would have approximately 1650 
DOF's. 
system would be v e r y  high.  However, t h e  r e s u l t s  o b t a i n e d  show t h a t  t h e  
s t r u c t u r a l  d e g r e e s  of freedom can be e f f e c t i v e l y  reduced by CMS, and a t o t a l  
system model of less t h a n  72  DOF's w i l l  y i e l d  h i g h - q u a l i t y  r e s u l t s .  
The computa t iona l  cost r e q u i r e d  t o  s i m u l a t e  t h i s  l a r g e  -_----- n o n l i n e a r  
Complete Model Model with Hidden Lines Removed 
Detailed System NASTRAN Finite-element of Robotic Manipulator 
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An example of t h e  t y p i c a l  control for one of t h e  T3R3 a x i s  is shown here .  
POSITION 








PROP0 R TlON A L AND 
RATE FEEDBACK 
Frequency  r e s p o n s e  e x p e r i m e n t s  f o r  t h e  m a n i p u l a t o r  i n  a number of s t a t i o n a r y  
p o s i t i o n s  show good ag reemen t  w i t h  t h e  FLEXARM r e s u l t s .  I t  s h o u l d  he  n o t e d  
t h a t  when t h e  m a n i p u l a t o r  i s  nomina l ly  s t a t i o n a r y ,  i t s  e q u a t i o n s  are n e a r l y  
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Comparison o f  Analytically and Experimentally Determined 
Serve Val ve-to-Tachometer Transfer Functions for Base Drive 
This figure shows an example of the manipulators first mode shape for a 
typical position obtained using FLEXARM. 
a - TEST POSITION 
UNDEFORMED POSITION 
DEFORMED POSITION 
- - - -  
b - MODE SHAPE A T  20 HZ 
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The open-loop c o n t r o l  a n a l y s i s  done u s i n g  FLEXARM shows t h a t  t h e  s t a h i l i t y  
margins of t h e  system are g r e a t l y  reduced by t h e  l i n k  f l e x i b i l i t y .  
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The next group of figures shows the results for FLEXARM simulation of a 
typical large motion manipulator move. 
First, we see the manipulator in its initial position. It will start here 
from rest. This figure is typical of the computer graphics output mode of 
FLEXARM. It will then move to its final position with the tip traveling along 
a straight line in three-dimensional space. 
x O  
Rotated View of Manipulator in Workspace 
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Here t h e  several  p o s i t i o n s  of t h e  m a n i p u l a t o r  are a l o n g  i t s  s t r a i g h t  l i n e  
p a t h .  As it  is s t a n d a r d  f o r  many commercial systems, t h e  m a n i p u l a t o r  t i p  is 
commanded t o  move a l o n q  i t s  p a t h  a t  a c o n s t a n t  a c c e l e r a t i o n  u n t i l  a c o n s t a n t  
v e l o c i t y  is r e a c h e d .  It  t h e n  moves a t  t h a t  c o n s t a n t  v e l o c i t y  and  t h e n  a t  some 
p o i n t  it d e c e l e r a t e s  t o  its f i n a l  p o s i t i o n .  
88 I 
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As shown h e r e ,  t h e  j o i n t  mo t ions  f o r  a s i m p l e  s t r a i q h t  l i n e  move are complex 
f u n c t i o n s  of t i m e  b e c a u s e  of t h e  n o n l i n e a r  k i n e m a t i c  t r a n s f o r m a t i o n s .  These  
j o i n t  a n g l e s  are r e q u i r e d  as position inputs to t h e  m a n i p u l a t o r  c o n t r o l .  
sys t ems .  The T3R3 is c a p a b l e  of u s i n g  b o t h  v e l o c i t y  and a c c e l e r a t i o n  f e e d  
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The r e s u l t i n g  error i n  t h e  t i p  p o s i t i o n ,  measured from i ts  nominal p o s i t i o n ,  
i s  shown h e r e  a s  a f u n c t i o n  of t i m e .  Both t h e  response f o r  a " r i q i d "  system 
and a f l e x i b l e  system a r e  shown. I n  both  cases t h e r e  are r e l a t i v e l y  larqe 
e r r o r s  d u r i n g  t h e  a c c e l e r a t i o n  and d e c e l e r a t i o n  phases  of t h e  m a n i p u l a t o r ' s  
motion. For t h e  r i g i d  case most o f  t h e  e r r o r  can be a t t r i b u t e d  t o  t h e  
c o m p r e s s i b i l i t y  of t h e  h y d r a u l i c  f l u i d  used i n  t h e  s y s t e m ' s  d r i v e s .  The error 
of t h e  f l e x i b l e  case is s i g n i f i c a n t l y  l a r g e r  t h a n  t h a t  of t h e  r i q i d  case. An 
impor tan t  a s p e c t  t o  be noted i n  t h i s  f i g u r e  is  t h a t  t h e  t i m e  r e q u i r e d  f o r  t h e  
f l e x i b l e  manipula tor  t o  se t t le  w i t h i n  i t s  error s p e c i f i c a t i o n  of 0.25 mm a t  
t h e  end of t h e  motion i s  n e a r l y  twice t h a t  for t h e  r i g i d  l i n k  system. T h i s  
i n c r e a s e d  s e t t l i n g  t i m e  can have a very s u b s t a n t i a l  impact on t h e  p r o d u c t i v i t y  
of t h e  system i n  many p r a c t i c a l  a p p l i c a t i o n s .  I t  might a l so  be noted t h a t  t h e  
resu l t s  of t h e  s t u d i e s  p r e d i c t  t h a t  f l e x i b i l i t y  of t h e  f l o o r  on which t h e  T3R3 
i s  suppor ted  can have a very  s i g n i f i c a n t  e f f e c t  on t h e  systems performance. 
I n  f a c t ,  i f  t h e  f l o o r  c o n c r e t e  is less than  4 i n c h e s  t h i c k ,  t h e  system can 
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C u r r e n t l y ,  c o n t r o l  a l g o r i t h m s  are n o t  a v a i l a b l e  which w i l l  e f f e c t i v e l y  c o n t r o l  
t h e  h i g h l y  n o n l i n e a r  dynamic behavior  of f l e x i b l e  manipula tors .  S u b s t a n t i a l  
r e s e a r c h  on t h i s  problem is  now be ing  done, b u t  it is  a d i f f i c u l t  problem. 
SOLUTIONS TO FLEXIBILITY PROBLEM 
SHORT TERM: 
USE OF NEW MATERIALS AND DESIGN 
CONFIGURATIONS TO MAKE MANIPULATORS 
LIGHTER - YET MORE RIGID, 
LONG TERM: 
THE DEVELOPMENT OF CONTROL SYSTEMS 
TO COMPENSATE MANIPULATOR FLEXIBILITY - 
AND IDEALLY EXPLOIT IT TO ACHIEVE ULTRA- 
HIGH SYSTEM PERFORMANCE, 
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CONCLUSIONS 
* FLEXIBILITY CAN PLAY AN IMPORTANT ROLE IN THE DYNAMIC PERFORMANCE OF HIGH- 
PERFORMANCE MACHINE SYSTEMS. 
* EFFICIENT AND ACCURATE FEM METHODS CAN BE DEVELOPED FOR THE MODELING OF 
NONLINEAR MACHINE SYSTEMS, INCLUDING ROBOTIC MANIPULATORS. 
* THE CURRENT MANIPULATORS ARE DESIGNED TO AVOID THE PROBLEMS INTRODUCED BY 
FLEXIBILITY. HOWEVER, THIS SIGNIFICANTLY LIMITS THE PERFORMANCE OF THESE 
SYSTEMS 
* NEW CONTROL SYSTEM ALGORITHMS ARE REQUIRED TO PERMIT THE DESIGN OF 
LIGHTWEIGHT HIGH-PERFORMANCE ROBOTIC SYSTEMS. THESE CONTROL ALGORITHMS 
NOT ONLY SHOULD COMPENSATE FOR SYSTEM FLEXIBILITY BUT THEY SHOULD ALSO 
EXPLOIT IT! 
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